The generalized stress components on an anisotropic piezoelectric half-plane boundary under surface electromechanical loading are investigated. It is found that the behaviors of generalized stress components are related to matrices C and X, which have the same form as those for the purely elastostatic problem. Matrices C and X contain all the electro-mechanical coupling phenomena of the generalized stress components. All elements of matrices C and X are expressed explicitly in terms of generalized elastic stiffness for monoclinic piezoelectric materials with the plane of symmetry at x 3 = 0 and for transversely isotropic piezoelectric materials in which the coupled effects between the mechanical (electrical) deformations induced by electrical (mechanical) loadings are studied analytically. A numerical example of the electro-mechanical coupling behavior for PZT-4 is also given.
Introduction
Electro-mechanical coupling effects of piezoelectric materials have received much attention because they have a wide range of applications. Cracks occur frequently in piezoelectric materials. Accordingly, many researchers, such as Pak (1990) , Sosa and Pak (1990) , Park and Sun (1995) , Kuang et al. (2004) , and others, have for a long time examined electro-mechanical fields at the crack tips. The coupling effects of piezoelectric materials with holes or inclusions are also important and many researchers, such as Zhang et al. (1998) , Xu and Rajapakse (2001) , Dai et al. (2006) have paid attention to them. This work examines different electromechanical coupling effects, i.e., explores the phenomena of the electro-mechanical coupled generalized stress 0020-7683/$ -see front matter Ó 2008 Elsevier Ltd. All rights reserved. doi: 10.1016/j.ijsolstr.2008.01.025 components on the boundary induced by surface electromechanical loading that is applied to the straight boundary of anisotropic piezoelectric half-plane solids.
For a half-plane anisotropic piezoelectric solid whose straight boundary is subjected to a uniform generalized traction t 2 ¼ ½s; r;ŝ;D T ( Fig. 1 ) with a finite loaded region, the electro-mechanical coupled generalized stress components induced on the boundary may be denoted by t 1 = [r 11 ,r 12 ,r 13 , D 1 ]
T . Since r 12 is completely determined by the boundary conditions, only the behaviors of the mechanical stress components r 11 and r 13 coupled with the component of electrical displacement D 1 are of interests in our analyses. Similar problem but for anisotropic elastic materials has been investigated by Liou and Sung (2008) . The behaviors of the coupled generalized stress components for anisotropic piezoelectric material are similar to those for purely anisotropic materials (Liou and Sung, 2008) , i.e., the coupled generalized stress components consist of generally a constant term and a logarithmic term. The constant term appears only in the loaded region and the logarithmic term appears in both the loaded and unloaded regions. This correspondence between plane piezoelectricity and generalized plane strain in elasticity has been noted by Chen and Lai (1997) . The constant term is determined by the matrix X and the logarithmic term is determined by the matrix C. Elements of matrices X and C contain all the electro-mechanical coupled information. Those elements of X and C which correspond to mechanical deformations induced by mechanical loadings are similar to those explored by Liou and Sung (2008) for purely elastic problems. Therefore, present investigations focus only on those elements which correspond to mechanical (electrical) deformations induced by electrical (mechanical) loadings. Explicit expressions for elements of X and C in terms of generalized elastic stiffness are obtained for monoclinic piezoelectric material with the plane of symmetry at x 3 = 0 and for transversely isotropic piezoelectric material. With obtained analytic expressions for both materials, the effects of material constants on the coupled mechanical and electric phenomena are further explored. By taking special values for the elements of X and C, the results for decoupled mechanical deformations and electrical field are both recovered. The coupling behaviors for the elements of X and C for the material PZT-4 are studied numerically as an example.
Generalized Stroh formalism
Before presenting the coupled generalized stress components for anisotropic piezoelectric materials, we briefly introduce the generalized Stroh formalism in this section. The conventions that all Latin indices range from 1 to 3 (except where indicated) and that repeated indices imply summation are all followed. Bold-faced symbol stands for either column vectors or matrices depending on whether lower-case or upper-case is used. For two-dimensional anisotropic piezoelectric deformations, the generalized displacement vector where the superscript T indicates the transpose and z k = x 1 + p k x 2 . Unknown complex number p k and constant vector a k are determined by the eigenrelation The material constants defined in the matrices Q, R, and T originate from the constitutive equations specified for a linear piezoelectric material (Ting, 1996) 
Using orthogonality relationship (Ting, 1996) , matrices A and B defined above may be employed to define the three real matrices L, S, and H, called the generalized Barnett-Lothe tensors (Ting, 1996) , as follows
where i 2 = À 1 and I is a 4 Â 4 unit real matrix.
Coupled generalized stress components for anisotropic piezoelectric materials
The electro-mechanical coupled generalized stress components induced by finite extended uniform generalized traction over the half-plane boundary of an anisotropic piezoelectric material are presented in this section. Analyses of this problem parallel those developed for purely anisotropic elastic materials (Liou and Sung, 2008) . Firstly, note that the responses of a half-plane piezoelectric solid subjected to a generalized concentrated force f at the origin are as follows (Ting, 1996) With x = 0 in Eq. (3.2b), the results become
where N 1 = N 1 (0) and N 3 = N 3 (0) are the sub-matrices defined in the matrix N, known as the generalized fundamental elasticity matrix (Ting, 1996) . Using the results in Eq. (3.1), the responses induced by finite extended uniform generalized traction over the half-plane boundary may be evaluated simply by integration, with f in Eq. (3.1) replaced by f dx ¼ ½s; r;ŝ;D T dx; where f ¼ ½s; r;ŝ;D T is now interpreted as the intensity of the uniform generalized tractions. The whole procedure for the calculation of the generalized stress components parallels that for purely anisotropic elastic materials (Liou and Sung, 2008) . Moreover, the obtained results for the generalized stress components are exactly in the same forms as those for purely anisotropic elastic materials (Liou and Sung, 2008) , i.e., for the region outside the loading part, jx 1 j > a, the coupled generalized stress components are t 1 ðx 1 ; 0Þ ¼ ½r 11 ; r 12 ; r 13 ;
and for the loading area, jx 1 j < a, the coupled generalized stress components are
where
The correspondence between plane piezoelectricity and generalized plane strain in elasticity has been noted by Chen and Lai (1997) . Note also that similar results shown in Eqs. (3.4) and (3.6) have been obtained by Fan et al. (1996) where the problem of stress and electrical field distributions in a piezoelectric half-plane under contact load is investigated. Even though Eqs. (3.4) and (3.6) take the same forms as those for purely anisotropic elastic materials, there are differences between piezoelectric and purely elastic materials which arise from the elements of the matrices X and C. It can be shown that the explicit structures of X and C take the following form (Liou and Sung, 2008) : Note that the meanings of the sub-indices for the elements of matrices C and X are similar to those explained by Liou and Sung (2008) . For instance, the first subscript n of C ne denotes that the coupled generalized stress components induced on the surface is r 11 while the second subscript e of C ne denotes that the type of loading applied to the surface is electric displacement loading. The nonzero elements of matrices C and X given above, contain all information of the coupling effects of the mechanical deformations coupled with the electric fields for general anisotropic piezoelectric materials. Elements of C and X which correspond to the mechanical deformations induced by mechanical loadings (involving the three sub-indices n, s and v) are similar to those explored by Liou and Sung (2008) for purely elastic deformations. Therefore, present investigations focus only on those elements of C and X that account for the coupled phenomena of mechanical deformations (electrical field) induced by electrical (mechanical) loadings. In the next two sections, the coupled effects are further elucidated for monoclinic piezoelectric materials and transversely isotropic piezoelectric materials. Before leaving this section, we note that with elements of matrices C and X shown in Eq. (3.8), the coupled generalized stress components given in Eqs. (3.4) and (3.6) may be written together as follows
In this section, the coupled generalized stress components on the boundary for monoclinic piezoelectric materials are addressed. To explore the behaviors of these coupled components, the explicit expressions for the elements of C and X for monoclinic piezoelectric materials are needed which are discussed below. For monoclinic piezoelectric materials of class m, with a symmetry plane at x 3 = 0 (Nye, 1985) Where contracted notations e ia and c ab (a, b = 1,2,. . ., 6) have been used here for piezoelectric-stress constants e ikl and elastic stiffness c ijkl , respectively. For the material shown above, the explicit expressions of the matrices Q, R, and T are as follows: By direct substitutions of these matrices into Eq. (3.3), matrices N 1 and N 3 may be expressed in terms of generalized elastic stiffness easily. In addition to N 1 and N 3 , explicit expressions of the matrices L and S (see Eq. (2.11)) are also needed to express matrices C and X completely in terms of generalized elastic stiffness. The needed expressions have been given by Liou and Sung (2007) where explicit expressions of all nonzero elements Y ab andŶ ab are given in Appendix A. Now, substituting all relevant matrices into Eqs. (3.8) and (3.10) yields the explicit structures of matrices C and X as where all nonzero elements of matrices Cand X, expressed in terms of generalized elastic stiffness, are
; ð4:5Þ
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With the explicit structures of C and X given in Eq. (4.4), the generalized stress components on the boundary may be expressed as where all nonzero elements of matrices C and X are given by Eq. (4.5). Therefore, from Eq. (4.7), the following observations of the electro-mechanical coupled generalized stress components for monoclinic materials with a symmetry plane at x 3 = 0, can be made:
(1) Elements C ev = X ev = 0 indicate no response of the electrical field when anti-plane shear loading is applied. Similarly, the elements of C ve = X ve = 0 imply that no anti-plane shear deformation will be induced by electric loading. Thus, no coupled effect occurs between the anti-plane mechanical deformation and the electrical field for monoclinic materials with a symmetry plane at x 3 = 0.
(2) Coupled effects do occur between in-plane mechanical deformation and electrical field since (i) elements C en 6 ¼ 0 and X en 6 ¼ 0, indicating that logarithmic and constant terms exist for the electric field when in-plane normal loading is applied.
(ii) Similarly, since C es 6 ¼ 0 and X es 6 ¼ 0, the electrical field exists when in-plane shear loading is applied. (iii) When electrical loading is applied, the coupled effects between in-plane mechanical deformation and the electrical field can be observed since the nonzero elements of C ne and X ne imply that logarithmic and constant distributions exist for the mechanical stress component r 11 . Notably, C se = 0 and X se = 0, indicate that when only electric loading is applied, no mechanical stress component r 12 is induced on the boundary. This is the boundary condition that is specified for r 12 which should be satisfied.
Transversely isotropic piezoelectric materials
The discussions of coupled generalized stress components for transversely isotropic piezoelectric materials parallel those given in the previous section. For transversely isotropic piezoelectric materials whose x 2 -axis is where nonzero elements of Y ab andŶ ab may be obtained from Appendix A with material properties appropriate for transversely isotropic piezoelectric materials being used. Similar to the procedures described in Section 4, the explicit structures of C and X may be obtained as follows: With the explicit structures of C and X given in Eq. (5.3), the coupled generalized stress components on the boundary may be expressed as where C en , C ns , C mm , C ee , X nn , X es and X ne are given by Eq. (5.4). Therefore, from Eq. (5.5), the following observations of the electro-mechanical coupled generalized stress components for transversely isotropic piezoelectric materials with the x 2 -axis parallel to the poling direction can be made:
(1) No coupled effect exists between anti-plane mechanical deformation and electrical field since C ev = -X ev = 0 and C ve = X ve = 0.
(2) Coupled effects do occur between in-plane mechanical deformation and the electrical field. However, the coupled phenomena differ from those discussed for monoclinic materials. (i) Consider first the application of mechanical normal loading. For monoclinic materials, recall that C en 6 ¼ 0 and X en 6 ¼ 0, as discussed previously. For transversely isotropic material, however, C en 6 ¼ 0 and X en = 0, indicating that under mechanical normal loading, no constant term is induced for the electric field; instead, a logarithmic term exists for the electric field.
(ii) Secondly, consider the application of mechanical shear loading. The observed phenomenon is different from that under normal loading, i.e., the induced electric field has a constant term instead of a logarithmic term since C es = 0 and X es 6 ¼ 0. (iii) Finally, Consider the application of electrical loading. The appearance of the terms C ne = 0 and X ne 6 ¼ 0 implies that only a constant distribution for the mechanical stress r 11 on the boundary is induced by the electrical loadings. Note that the elements that correspond to the responses of the mechanical stress r 12 induced by the electrical loadings are both zeros, i.e., C se = 0 and X se = 0, implying that no mechanical stress r 12 occurs when only electric loadingis applied. This is again the boundary condition specified for r 12 .
Note that if the poling direction of the transversely isotropic piezoelectric materials is initially along the x 1 -axis, and not the x 2 -axis, as discussed above, it can be shown that the corresponding coupled generalized stress components on the boundary are as follows For completeness of the discussion of coupled electro-mechanical effects, consider the simplest case, i.e., consider the case for isotropic materials. For isotropic materials, the material constants can be further simplified to
where k and l are Lame' constants and the corresponding matrices for L À1 and SL where which show that all of the elements of C and X are material-independent for isotropic material matrices. Results in Eq. (5.10) also indicate that all of the elements related to mechanical and electric coupled deformations all vanish, i.e.,
Therefore, no mechanical and electric coupling effect is observed for isotropic materials. The coupled generalized stress components on the boundary are totally decoupled into two parts: one corresponds to the responses of purely isotropic elastic problems and the other corresponds to the responses of purely electric problems, and they are mutually independent. The results for the decoupled generalized stress components are revealing that the well-known results for isotropic elastic deformation (England, 1971; Muskhelishvili, 1953) and the electrical field are both recovered.
Numerical results and discussion
The electro-mechanical coupled generalized stress components on the boundary studied in previous sections are for cases in which the material's principal axes coincide with the coordinates. This section investigates the effects of the material's alignment on the coupled components on the boundary. Let us take the materials discussed in Section 5. Take PZT-4, which is a transversely isotropic piezoelectric material with the x 2 -axis parallel to the poling direction (Appendix B presents the material constants of this piezoelectric ceramic. It also presents the matrices L À1 and SL À1 needed in the computations of the elements of matrices C and X). Suppose that the material's principal axes, which initially coincide with the coordinate system, are now rotated clockwise by an angle c about the x 3 -axis, new material's constants are then obtained with respect to the original coordinate system, which belongs to the class of monoclinic materials. Note that the material alignment with c = 90°is also a transversely isotropic piezoelectric material but with the poling direction now parallel to the x 1 -axis. Figs. 2-4 plot the effects of the material's alignment on the elements of C and X. Only the elements of C ab and X ab that are not zeros are presented (see Eq. (4.4)). In these Figures, both coupled electro-mechanical cases (e ijk 6 ¼ 0) and decoupled electro-mechanical cases (e ijk = 0) are plotted so that the electro-mechanical coupling effects can be clearly observed. Figs. 2(a) and 2(b) are, respectively, the variations of C ab and X ab versus the material's alignment c. The results in these two figures correspond to the elements of mechanical deformations induced by mechanical loadings since the sub-indices of C ab and X ab all range over a, b = n, s, v. Note that the curves for C vv (Fig. 2(a) ) with e ijk = 0 and e ijk 6 ¼ 0 overlap since mechanical antiplane deformations are not affected by the electric loading. For the same reasons, the curves for X vv with e ijk = 0 and e ijk 6 ¼ 0also overlap as shown in Fig. 2(b). Figs. 3(a) and 3(b) are, respectively, the variations of C ab and X ab versus the material's alignment c, but the results are now for the elements of the electrical deformations induced by electrical loading since the sub-indices of C ab and X ab all range over a,b = e only. The vari- To see the whole distribution of the coupled generalized stress components on the boundary induced by the generalized uniform loadings, Figs. 5-7 plot the results for some selected material's alignments of PZT-4, i.e., for c = 0°, 30°, 45°, 60°, and 90°. Material PZT-4 is again the transversely isotropic piezoelectric material with 
(e ijk =0) Fig. 4(b) . Variations of X ab (a, b = e appears only once, which correspond to the mechanical (electrical) deformations induced by electrical (mechanical) loadings) versus the material's alignment c. Note that the results corresponding to decoupled electro-mechanical cases (e ijk = 0) are all identical zeros.
the poling direction initially parallel to the x 2 -axis. Note that materials with alignments c = 30°, 45°, and 60°b elong to the class of monoclinic materials. Figs. 5(a) and 5(b) are, respectively, the distributions of the mechanical stress component r 11 (x 1 ,0) and the electric component D 1 (x 1 ,0) on the boundary induced by the mechanical normal loading. Fig. 5(a) shows that the mechanical stress component r 11 (x 1 ,0) (normalized Fig. 5(a) . Distributions of the mechanical stress component r 11 (x 1 ,0) (normalized by r) on the boundary induced by the mechanical normal loading r. by r) is a constant distribution for c = 0°and 90°(since C nn = 0 and X nn 6 ¼ 0 for transversely isotropic materials) and r 11 (x 1 ,0) is dominated by logarithmic function for all other material alignments (since C nn 6 ¼ 0 and X nn 6 ¼ 0 for c 6 ¼ 0°,90°). Under mechanical normal loading, the electric component D 1 (x 1 ,0) (normalized by r) ( Fig. 5(b) ) has a constant distribution only at c = 90°(since C en = 0 and X en 6 ¼ 0 for transversely isotropic materials when c = 90°). For other material's alignments, D 1 (x 1 ,0) is dominated by logarithmic function (C en 6 ¼ 0 and X en 6 ¼ 0 for c 6 ¼ 90°). Figs. 6 and 7 plot the coupled generalized stress components (normalized by applied loading) induced by the mechanical shear loading and electric loading, respectively. Both r 11 (x 1 ,0) and D 1 (x 1 ,0) are dominated by logarithmic function, except for D 1 (x 1 ,0) (induced by mechanical shear loading) and r 11 (x 1 ,0) (induced by electric loading) which both are constantly distributed at c = 0°.
Conclusions
The coupled generalized stress components on an anisotropic piezoelectric half-plane boundary under surface electromechanical loading are investigated. Exact expressions for these coupled generalized stress components are derived for general anisotropic piezoelectric materials. The behaviors of the coupled generalized stress components are related to matrices C and X, which have the same form as those for the purely elastostatic problem. All elements of both matrices are expressed explicitly in terms of the elastic stiffness for monoclinic piezoelectric materials and transversely isotropic piezoelectric materials. Elements of matrices C and X which correspond to the coupled effects between the mechanical stress components (electric component) induced by electric loadings (mechanical loadings) on the boundary are explored. For isotropic materials, the results for decoupled mechanical deformations and electrical field are both recovered. T , and then repeating all of the calculation processes described in Liou and Sung (2007) , yields new expressions, which are valid even for the decoupled electro-mechanical case. Only expressions different from those given by Liou and Sung (2007) Note that expressions for a 1k (p k ), a 2k (p k ), a 4k (p k ) and k k (p k ) (k = 1, 2) are the same as those given by Liou and Sung (2007) , and 
